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Generic problem of the analysis of time-evolving fields
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GENERAL PROBLEM OF ANALYSIS OF A HISTORICAL DATASET
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Gauss—Markov Theorem

If7° = HT + ¢,
(&) =0, (ee!Y=R, (T')=0,
then the Least Squares Estimate (LSE)

T=(H'R'H)'H'R'T°

minimizes
ST = (HT =T B 87T -719

and is the Best' Linear Unbiased Estimate (BLUE) with error covariance
P (T -TyT-T)"Y=(H'"R'H)™".

£ is normal = 7 is a Maximum Likelihood Estimate (MLE)
¢ and T are normal => 7 is the best among all (not necessarily linear) estimates.

v 1T =T =T —=T'S(T —=T)) — min VS = minimal variance




TRANSFER TO GAUSS-MARKOV SCHEME
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MINIMIZATION OF THE FULL COST FUNCTION:
OPTIMAL SMOOTHER (OS) and KALMAN FILTER (KF)

Cost function:

S[ITla 7‘-2; LR aTN] — 27]};1 (Hn,,]-'-n o Zf)TR;l(Hn,];, o 7;;,9) +
Z-Qf:_ll (7;1+1 — A?‘?,/Z;?,)TQ-EI(I];L+1 — 14717;2,)




“Sweep up” — KF'":
j;%a — j;}f + Ky, (Ij;o — Hnj}zf) )

j;j — Anj;za—la
K,=P{H! (H,P{HT + R,)

Pa_ (IM KILH?’L)P;/{
Pl =A, P A +Q, 1, n=23,...,N
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“Sweep down” — OS:

A~

Ij;f =T, + G ( n+1 A Ta) Gn — PGA ( n+1)_1:

n

ps = P“+G,,(n+1 ,Hl)GT n=N-—1,...,2,1



SIMPLIFIED CASE: OPTIMAL INTERPOLATION (OI)

Cost functions:
Sn [7;5] — (an;a T Zf))TRﬂl(HnI; T IZ:;O) _|_ ,Z;TCn_LZ:n n > L

OI solution:
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: In ma[ny applications (for spectrally red signals)
diagonal elements of this matrix decrease from —1 to
~0. In effect, the solution Is constrained to the
sulbspace spanned by the patterns with d.>>r.



SPACE REDUCTION

C=EAE" + ENE'"
dp =Ea, e, ne=l; eV

ESTIMATION PROBLEM IN THE REDUCED SPACE
T° = HyEay + (Hue" +€°) ¥ Hoan +€2, n=1,...,N,

T _m def -m
Cl'n_|_1:./4ﬂﬂfn—|—E E,” :Anan_l_g,nj T’L:l,...,N—l.

@, = (= E e NE = E'Q,E

Rn = (&060") = ((Huep, + 7)(Hney, + €7)") =

n-rm

(e0eaT) + Huleheh TYHT € R, + H,Q"HT < R, + R,




REDUCED SPACE OPTIMAL ANALYSIS

Cost function:

S[Offl: a, ... ] Zn 1(Ha‘n - 7§5)T73 (HQ‘!L TO)
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al = of + K, (T2 — Huad)

Oaﬁ = AﬂCJén_p

Kn=(HLR, "M, + P} ‘1)_1 Hy Ry

Po = (I, — KyHn) P!

Py =An Py Ay +Qn1,  n=23,..,N

OS:

Q{ — Q{ s Gn ( n—l—l Anaff,ﬁ,) )
Gn 7_70 AT (PrH—l ) )
PS ,Pa—'_Gn' ( n+1 PnJrl) G?@?? n=N— L...,21



Sf,f;,)I [Ofn] — (anan T %O)TR?ZI(HHQR T 7;;,0) _'_ agcq;lam n > j
ol = POHIRT?, PO = (HIR, M, +CpY)

Projection:

oy, = PﬁHgR; 17;:): P = (HfR; lH’n)_l
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Dec 1868: Available observations

- -—'.EF’V

90°N

| - o m—- - =N

3. |
_ |
5 ol
' e Ty
= o4 e
o -
® . N
O
O
30
==
©
—
0 ﬂ
. !
® N
]
EfJ i
g a
(o — —
& | - .
= T T N T T T T T T T IO MY

30E 60°E 90°'E 120°E 150°E 180'W 150°W 120'W 90'W 60'W 30W 0
Longitude

Dec 1868



BRI

ABSTRACT LOG34 7,

F nE=i:HEENDED BY THE

MARITIME CONFERENCE OF BRUSSELS,
e g !

Kipt o baarsl the £, X = R e R L e -
e -;.-

I pmmnader, ofuFeEp difig [ bl ih '.r.'_E'_ﬂﬁ

i )
BA2E :-f".r AT A q-“-li"r-r o _
= = GENERAL ORDER, &2 ."'-"'r -:.':!!I!'.‘_

e q.ﬁ. . o -
hayr [
Y i
L Ll L Ml m—— gy Sy Sy [N ¥ ey Ly sum——
B Mo o i W oamgp el M 17 ol o bl 1 -

e i y i Ed b Wi e, o 1 e '\-'-l-'.—rl.hl..hq.."d [RS—T R .
1. L E] Faw uw nunb s orerric Foarerd el i o sl G gk s Teuap, gl i

iir il lea i v Semerd de T VUl ml (ko Forvas. s Deleocien ana 05 R el
Vpn o e e

s wl Soniles Lageir wr bl B F CoafL

- D gt i o0 poomm, .



T

ERNIGIEI OI"OhSEn/ations N ICEABSE

E00od0 .
I:';nther
Fogoan4 - B e el :
.fdupunesef ' ' ' :
.EHSST : : : :
EOUDOU. ...... : .......... :..........,I .......... :..........,I .........
s : . : :
— '
o : : : : :
L S0y Garmian - - -
= . . . .
= —_ .
= PR | | ,
= ;‘.':_,.- D"“-‘:Iﬂﬂﬁﬂ"'.'i .......... ..........
e o] ‘Metherlands : : -
—— ?j :
i — o : : : : :
= .-..--'-___ %3{300{50_ ______ __________ __________
- RS
2000007 - R R

1000004 R e SRR - - ol

1860 1870 1830 1840 1940 1910 1920 1930 1943

http.//icoads.noaa.gov/



—
EVEnRarcnoice, climatolegistSnss
g@nd‘. Wwoeuld rather Use the
gElitiiand panel below than the
Jerrr nd one

'r.|-.'

S

Dec 1868: Available observations Dec 1868: Reconstruction

88888



: APPROXIMATING COVARIANCE
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1868: Available observations

Dec 1868: Reconstruction
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El Nino of 1877-1878 in analyzed anomalies
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Figure 4: Anomalies of 1877-1878 El Nifio illustrated by univariate reduced analyses by Kaplan et al. [2001h]
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SSiTi EllNTHoNHdices vs Quinmsthistorical rankings
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(a) NCEP OI, 1x1 (b) NCEP OI: 4x4
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Scale separation in a field estimate

OI problem: estimating a field 7 from a first-guess (background) solution
7" and an incomplete set of observations 77 is given by:

’)
°)

The solution to this OI problem is a minimizer T of the cost function

, (""" =C,

T'=T+¢ (e
e . (e%°Ty = R.

0
T7°=HT +¢°, { 0

S[T]=(HT —T)'RYHT - T+ (T -T"'C (T - TY.
7 = CHT(R+ HCHT)™'1°.

C = EANE + E'NE' = EAE + '



7°=HFE«o + &°, () = ', (1Y = HC'HT + R.

& =AE"H' (HEAE'"H" + HC'H' + R)™'T°.

Observational residual; A7°=7° — HE&

AT’ = HAT +¢°, (ATATH =C', (%) =R.

AT =C'HHC'HY + Ry 'AT®
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STD|SST| in ICOADS 1°x1° bins
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Modeling in situ data error for 1° bins
Modeled as (a/\/Tobs) Actual MODIS-ICOADS STD
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Single observation SST sampling+measurement error, “C,
inside 5°x5” monthly bins
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